JOURNAL OF AIRCRAFT
Vol. 32, No. 5, September—QOctober 1995

Structural Modeling for Optimization of Low Aspect Ratio
Composite Wings

L. Meirovitch® and T. J. Seitz?
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This article is concerned with the aeroelastic tailoring of a structural model consisting of a low aspect ratio
wing made of composite materials and a rigid fuselage. The wing is modeled as a trapezoidal plate with root
and tip chords parallel to the flow and with general sweep. The plate is made of symmetrically stacked, variable
thickness, orthotropic laminae. The elastic wing model includes shear deformations and is attached to a rigid

fuselage capable of plunge and pitch.

I. Introduction

HE main objective of this study is to develop a structural

model for a low aspect ratio (AR) composite aircraft
wing that includes all the essential features and at the same
time is sufficiently simple to permit a multidisciplinary opti-
mization. One such feature, widely ignored until now, consists
of the pitch and plunge rigid-body degrees of freedom (DOFs)
of the fuselage.

During the past decade, the problem of flutter of aniso-
tropic wings made of composite materials has received a great
deal of attention. Much of this work has been directed toward
refining the concept of “‘composite tailoring.” At the same
time, many researchers have come to the conclusion that the
divergence problem associated with forward-swept wings is
in fact a body-freedom flutter phenomenon. Body-freedom
flutter is the coupling of a flexible aircraft mode with a rigid-
body mode due to interaction with aerodynamic loads. One
common example of this, and the one receiving attention here,
is the coupling of wing bending and rigid-body pitch. Work
by Weisshaar et al.' leads to the conclusion that a clamped
wing model generally predicts larger improvements in the
instability speed for composite tailoring than for models in-
cluding rigid-body motions. The capability of predicting ac-
curately the critical speed in the presence of structural pa-
rameter variations is essential to any structural model of general
planforms.

The requirements of modern wing planforms place addi-
tional constraints on structural models. In particular, the AR
of many wings of practical interest tends to be too low to be
approximated by a beam model. Similarly, the midchord sweep
angle A should not be confined to aft only, particularly for
an optimization problem. Two-dimensional models with vary-
ing fiber orientation are suggested in this case, but examples
of such models in the technical literature are rare.>*'>

In view of the physical requirements discussed above, we
consider a structural model consisting of a two-dimensional
anisotropic plate made of several variable-thickness layers of
generally orthotropic material. Because the interest lies in
composite materials, it is also important to include shear de-
formability in the model. Whereas shear deformability is of
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minor importance in the case of some hollow wings, its in-
clusion is essential in the case of solid core structures, such
as canards, cruise-missile components, and aeroelastic wind-
tunnel models, for which this formulation is intended. More-
over, fuselage rigid-body DOFs must also be included. Two
compromises on generality help toward the goal of low com-
putational effort without significantly affecting the effort to
include all the relevant physical effects. Realistic amounts of
airfoil camber have little effect on displacements due to un-
steady pressure loading, suggesting that camber can be omit-
ted for aeroelastic problems. Similarly, rotatory inertia terms
can be ignored for wings of practical thickness, as shown in
the text by Librescu.*

The interest lies in a structural model incorporating the
physical characteristics essential to a flutter analysis of modern
low AR composite wings. The model should be sufficiently
accurate to account for all important structural parameters
and yet sufficiently simple so as not to be computationally
intensive. Such a structural model consists of a trapezoidal
plate with root and tip chords parallel to the flow and with
2k symmetrically stacked, variable thickness, generally or-
thotropic laminae in the laminate (Figs. 1 and 2). Mindlin
shear deformability® is included with a shear correction factor
(SCF) of 1.0. The wing is attached to a rigid fuselage capable
of pitch and plunge. Note that the SCF generally appears as
a proportionality factor in the coefficient A, [Eq. (12)]. In
the present parametric study, it was chosen arbitrarily as 1.0,
but is to be replaced by an appropriate value in actual design.
This is the simplest model retaining the essential physical
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characteristics of low AR composite wings with general sweep.
It is still a relatively involved formulation, however, including
three displacement variables and natural boundary conditions
complicated by the leading- and trailing-edge sweep angle 7,
and 7, respectively. To produce a reasonably accurate so-
lution with as few terms as possible, the series solution is in
terms of quasicomparison functions, which are shape func-
tions guaranteeing fast convergence.®

II. Definition of Displacements and
Boundary Conditions

The mathematical model under consideration consists of a
flexible wing attached to a rigid fuselage. The fuselage is
assumed to undergo two rigid-body displacements, namely,
plunge and pitch. On the other hand, the wing is assumed to
.act as an elastic plate rigidly attached at the root and free at
the other three boundaries (Fig. 1). The transverse displace-
ment of a typical point in the fuselage has the form

we(t) = we(t) + (x — xc)P(h) (1a)

where wc(¢) is the plunge, defined as the transverse displace-
ment of the system (fuselage and wing) mass center C, . is
the pitch, defined as the rotation of the system about an axis
parallel to y and passing through C, and x. is the distance
from the origin of xyz to point C. Moreover, the displace-
ments of a typical point in the plate are as follows:

u(x, y, z, 1) = uylx, y, ) + z¢(x, v, 1) (1b)
u(x, y, z,t) = vlx,y, ) + zhfx, y, 0 (1c)
wo(x, ¥, 1) = we() + (x — x)Pe(®) + wix,y, 1) (1d)

where u, and v, are midplane elastic deflections in the x and
y directions, respectively, i, and ¢, are angular displacements
of a line normal to the nominal plane of the plate due to
elasticity, and w is the elastic part of the transverse displace-
ment.

Because the wing is attached to a fuselage that is assumed
to be rigid, w = 0, ¢, = 0, and ¢, = 0 along y = 0. These
are the only geometric boundary conditions of the problem.

III. Extended Hamilton’s Principle

The dynamical problem can be formulated by means of the
extended Hamilton’s principle, which can be written in the
form’

f:(éT— SV + W) dt = 0
1
We =8 = dw =8¢, =8¢, =0 at =1t (2)

where T is the kinetic energy, V is the potential energy, and
6W . is the virtual work performed by the nonconservative
forces.

The kinetic energy arises from two sources, the motions of
the fuselage and of the wing, and has the expression

1 .
T= T+ Ty =5 | bie + G~ xopicP am,

1 K3 TE
zﬁ, L iy, dx dy

1 A s TE
E(MCWZC + Iy + ch J mw dx dy
O JLE

+

s (TE

mw? dx dy
) JLE
3)

where m, is the mass of the fuselage, m the mass per unit
area of wing, M. the total mass of the system, and I, the
pitch mass moment of inertia of the system about the mass
center C. Moreover, s denotes the wingspan, TE = TE(y)
the trailing edge, and LE = LE(y) the leading edge.

The potential energy is assumed to be due entirely to the
strain energy. In view of the layup symmetry, it is reasonable
to assume that u, and v, are zero, so that the strain-displace-
ment relations assume the simple form

+

. s (TE 1
‘/’(‘j f m(x — xo)w dx dy + —j
0 JLE 2 J

& = 2P, . (4a)

& = 2, , (4b)

e, =0 (4c)

Vor = W, + oW, (4d)
Yee = W + W, (4e)
Yoo = 2y + ¥ (4f)

where the shear strains are recognized as engineering shear
strains. Moreover, the symbols ,x and ,y in the subscripts
denote derivatives with respect to x and y, respectively.

For the jth generally orthotropic layer with principal axes
1 and 2, the constitutive equations take the form

o, i g7

oy &

T | =[OV | ¥ (%)
T3 Yi3

T2 Y12

The elements of [Q}/ are related to material properties of the
jth layer by

_ E
S =
on 1= vl (6a)
" lezEl;
I  ————
0l = TR (6b)
E}
I =
I gy (6)
Q{m = Gé.% (6d)
Q/is = Gle (66)
Qi = G (6f)

where E,, G,,,, and v,, are Young’s moduli, shear modqli,
and Poisson’s ratios, respectively. The stress, engineering strain,
and constitutive relationships for the jth layer can be written

as follows:

ol = [T] 'o! (72)
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g = [T,]" e} (7b)
o, = [0))e (7¢)
where
cos?0; sin®6, 0 0 sin 26,
sin’g, cos?6, 0 0 —sin 26,
[T} = 0 0 cos 6, ~—sin 6, 0
0 0 sin §; cos 6, 0
—~4sin 20, 3sin20, O 0 cos 26,
(8a)
(O] = [T] QT ™ (8b)
O-/I = [O-,\‘ O-y Tyz Tx: T,\‘y]T (80)
0'7 = [0'1 Oy Tz T3 le]T (Sd)
g, =le. & (1./2) (vo/2) (v,/2)] (8e)
5,," = [51 & (723/2) (713/2) (712/2)] (8)

in which the conversion to engineering strain was taken into
account. The angle 6, is from the plate axis x to the material
axis (1);.

Next, we propose to derive the laminate strain energy. The
laminate consists of 2k symmetrically stacked layers of vari-
able thickness. Each layer height ¢ is a continuous function
of x and y (Fig. 2). The strain energy density for a single layer
J, or its counterpart below the midplane is

A l i 51
V':Eﬁ Zlo-,’s{dz 9)

-1 i=

where { = x, y, yz, xz, xy. Summation over all of the layers
and integration over the domain of the plate leads to the total
strain energy

0 TE k 7 5 o
V=1ff [E (f Ea{g;dzﬂdxdy (10)
2o Jee |20 \Jyn &

Substituting the strain-displacement relations [Egs. (4)], and
the constitutive relations [Eq. (7¢)], into Eq. (10) and inte-
grating over the layer thicknesses, we obtain the total strain
energy expression

LS 1x 3 2 O 2 O
V= 54[1 fl}_ /;k {g (5 - g0l .Qh + U5, 0%
+ (djx.y + 'Jj,\ur)zQéﬁ + wa.xw)u,\'lez
+ Zdl,\;x(‘/jaxy + l/j\x)Q_,lﬁ + 2'7[{»',)'(l//x<y + ll’)ux)Q_jlﬁ]
+ (’; - tf—l)[(‘l’x + W.AY)ZQQS + (l//‘ + W‘y)zQ{m

+ 20+ w )W + W.V)Qﬁsl} dx dy (11)

It must be recognized here that f, = £;(x, y). The summation
can be eliminated from the strain energy expression by con-
sidering the total laminate extensional and bending stiffness
coefficients A4, and D, defined as

k

Ay = Z (r/ - I)Q{Ih

J=—k
L (12)
Dub = g 2 (t}'% - t; I)Q[zb

and we observe that, because the thickness of the various
layers is variable, A,, = A,,(x,y)and D,, = D_(x,y). Using

Egs. (12), the total laminate strain energy can now be ex-
pressed in the compact form

1 s [1E
V= 5[) fLE (WLDYp + $1A,) dx dy (13)

where
1/
op = by (14a)
wx‘y + lwlly x
o+ ow,
¢ = [j N W] (14b)
Dll DIZ D]ﬁ
D =D, Dy Dy (14c)
D|6 D26 Dﬁﬁ
A A
A= | T O 14d
[A45 Aqs] (14d)

It remains to derive an expression for 6W, .. Under consid-
eration is a wing in the form of a trapezoidal planform, and
in particular one characterized by low AR and/or forward-
swept configuration. The most important speed regime for
such a wing is undoubtedly supersonic. The main reason for
including the aerodynamics is to demonstrate the usefulness
of the structural model. A complete investigation of a wing
would require appropriate aerodynamic theories for subsonic,
transonic, supersonic, and perhaps hypersonic speed regimes.
The usefulness of this model can be demonstrated with super-
sonic aerodynamics, chosen for relevancy and for relative ease
of application. For large Mach numbers, M?* >> 1, there is
a weak memory effect, in addition to weak three-dimensional
effects. This opens up the prospect of a point-function relation
between the pressure difference p, — p, and the displacement
w of the wing, which makes it both convenient and useful.
The structural model is suitable for wings of any AR. Whereas
piston theory is used to study this model, it must be noted
that it is not as suitable for very low ARs as more sophisticated
theories. This point function property permits the definition
of an explicit aerodynamic operator operating on the vertical
displacement of the wing, so that the force density can be
written in the form®

d 14
Ayw, = —C(x) <5} + U;;t) w, (15)
where
_ 4 y+1, dy
Clx) = M (1 + 3 M dx) (16)

in which M is the Mach number, g the dynamic pressure, ¢z,
the wing half-thickness, U the freestream airspeed, and y the
ratio of specific heats.

The nonconservative virtual work is due to the aerodynamic
forces and can be obtained by multiplying the distributed force
[Eq. (15)], by the corresponding virtual displacement and
integrating over the domain of the wing. Then, using Eq.
(1d), we obtain

oW, f f Aw,dw, dx dy = W .dw,
0 JLE

K3 TE
+ W 8. + f f Wow dx dy (17)
0 LE
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where
W = — ﬁ , f:_ ) {lpc _—
+ -Ll—][wc + (x — xc e + w]} dx dy (18a)

is a resultant aerodynamic force

js J”[‘E 1
\p(‘ = - o JiE C(x) dj(' + W« + l_]

X [We + (x — x e + w]} (x — xo)dxdy (18b)

is a resultant aerodynamic moment about an axis parallel to
y and passing through C and

W= —Co)l{ype + w, + WD)e + (& — x e + Wi}
(18¢)

is an aerodynamic force density.

IV. Eigenvalue Problem

Inserting Egs. (3), (13), and (16) into the extended Ham-
ilton’s principle and following the usual steps,” we can obtain
the boundary-value problem for the system. The boundary-
value problem consists of two ordinary differential equations
(ODEs) for w,(¢) and (f) and three partial differential equa-
tions (PDEs) for w(x, y, 1), ¢.(x, y, 1), and ,(x, y, ), together
with appropriate boundary conditions.

The differential eigenvalue problem can be obtained from
the boundary-value problem by assuming that the displace-
ments vary exponentially with time. The state of the art does
not permit a closed-form solution of the differential eigen-
value problem, so that one must be content with an approx-
imate solution, which amounts to spatial discretization of the
problem through a series expansion. As a result, the original
differential eigenvalue problem is replaced by an algebraic
eigenvalue problem. It turns out that, in deriving the algebraic
eigenvalue problem, it is more efficient to carry out the spatial
discretization directly in the extended Hamilton’s principle
[Eq. (2)]. To this end, we assume a solution of the form

weld) = 4.0 (19%)
b)) = a:() (195)

Wiy = 3 b D0 (19)
ey = S By (9)
W) = S s@MaO  09%)

where ¢, are space-dependent trial functions and ¢, are time-
dependent generalized coordinates. Inserting Eqs. (19) into
Eq. (3) and omitting the integral limits for simplicity of no-
tation, we can write the kinetic energy in the discretized form

1 .
T =S (Mowe + 1) + ve f f mw dx dy

+1[}CJ’Jm(x—x(~)dedy+%ffmw2dxdy

1
= 34"™Mq (20

where ¢ is a 3n vector of displacement amplitudes and M is
the symmetric mass matrix having the components

M, =M. (212)
M, =20 (21b)

Mlj:ffm¢jdxdy, 3=j=n+2 (21¢)

M;,=0, j>n+2 (21d)
M, =0 (21e)
My = Ic (211)

sz:ffm(x—xc)¢,~dxdy, 3=j=n+2 (2p)

MZ' = 0’

J

j>n+2 (21h)

M,,=jfm¢,¢,-dxdy, 3=, i=n+2 (2l)

M,=0, ij>n+2 (21j)

i

Moreover, introducing Eqgs. (19c—19¢) into Eq. (13), and con-
sidering Eqs. (14), we obtain the discretized potential energy

1 1
ve 2| Wb+ vrav) acay = Lakg @2

where K is the symmetric stiffness matrix having the entries

K, =0,

[

i=1,2 and 1=j=3n+ 2 (23a)

K; = f[d)i,xd)j,xASS + (it + &t )Aus
+ ¢:<y¢j<)A44] dx dy, 3 =1, Jj=<=n+2 (23b)

K = | [ @b + d,040 dr oy

3=i=n+ 2, n+3=<j=2n+2 (23¢)

K = | | Godas + 6,040 & oy

3=i=n+2, 2n+3=j=3n+2 (23d)

K, = ff[d’:d’,Asi + ¢..0;. D + ¢, Do
+ ((bﬂy(ﬁf‘x + d)i,xd)j‘y)Dl(w] dx dy
n+ 3= j=2n+2 (23e)
Kii = ff(¢i¢f-’445 + d)i.xd’j,,xDm + ¢i‘y¢i‘xD(w()
+ (bi.xd)j.yDlZ + ¢i‘y¢j4yD26) dx dy
n+3=i=2n+2, 2n+3=j=3n+2 (23f)
Kij = ff[¢i¢jA44 + ¢i.x¢j,xD(v6 + ¢i,y¢,;yD22
+ (¢lﬁy¢i.x + d)i.,xd)j,y)DZ(v] dx dy

2n + 3 =, j=3n+2 (23g)
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Finally, inserting Eqs. (19c—19¢) into Eq. (17) and consid-
ering Eqs. (18), we can write the discretized virtual work due
to aerodynamic forces in the form

6T/V[|C = W('(SW(‘ + \P('Bl/j(‘ + ffW8W dx dy
1
= —oq7 (KAq + U Hq'> (24)

where the entries of the nonsymmetric matrix K, are

Koy =0, j=12,...,n+2 (25a)
K, = fdexdy (25b)
K, = ffC(x — x¢) dx dy (25¢)

Koy = ffaz),dxdy, 3=j=n+2 (25d)
K = | | Ctravay,

Kaz = | | Clx — x000,, ax gy,

Ky = f f Coy b dxdy, 3=1i,

K. =0,

3=i=n+2 (25)
3=i=n+2 (250
j=n+2 (25g)

l=i=n+ 2,

K., =0,

j>n+2 (25h)
i>n+ 2 (251)

and those of the symmetric matrix H are

H,, = fdexdy © (26a)
H, = ij(x — xo) dx dy (26b)
Hl,:ffCtb,dxdy, 3=j=n+2 (26¢)

H,, = fj C(x — x¢)*dx dy (26d)
Hy = ij(x = x)dedy, 3=j=n+2 (20)
H; = ffCYb,d), dx dy, 3=i, j=n+2 (260

H, =0,

i 1l=i=n+ 2,

j>n+2 (26g)
i>n+ 2 (26h)

Introducing Eqgs. (20), (22), and (24) into Eq. (2), inte-
grating the term involving 8¢ by parts with respect to time

and invoking the arbitrariness of 8¢, we obtain a set of si-
multaneous ODEs, which can be written in the compact form:

Mg+ (WU)HGg + (K + K )g = 0 27
Then, letting
q(t) = eMa (28)
we obtain the desired algebraic eigenvalue problem
[A*M + (WUYH + K+ Kyla =0 (29)

and we note that the problem is non-self-adjoint due to the
presence of the aerodynamic matrices H and K ,.

The solution of the eigenvalue problem [Eq. (29)] requires
that it be cast in state form. To this end, we introduce the

state vector x = [a? Aa”]”. Then, adjoining the identity Aa
= Aa, Eq. (29) can be rewritten in the state form

Ax = ABx (30)
where
0 I
4= [—(K + K, —H/U:l (31a)
B = [é 1?4] (31b)

Because the matrix B is singular, some of the eigenvalues are
infinite. Numerical solutions for this type of eigenvalue prob-
lem can be obtained by an algorithm described in Ref. 9.

V. Approximate Solutions in Terms of
Quasi-Comparison Functions

In Sec. IV, a discretized model for the system is derived
by assuming an approximate solution in the form of a linear
combination of trial functions. The accuracy of the approxi-
mate solution and the computational time depend on the na-
ture of the trial functions. To examine the nature of the trial
functions, a brief discussion of the various classes of functions
should prove beneficial.

Exact, closed-form solutions of differential eigenvalue
problems represent the class of eigenfunctions. Clearly, they
satisfy both the differential equations and all the boundary
conditions of the problem. In most practical problems, closed-
form solutions do not exist. They certainly do not exist in the
problem at hand. Approximate solutions generally fail to sat-
isfy the differential equations. Functions satisfying certain dif-
ferentiability conditions and all the boundary conditions, but
not necessarily the differential equations, are called compar-
ison functions.” In many problems, including that under con-
sideration, comparison functions are difficult to generate. In
the case of self-adjoint systems, it is often advantageous to
formulate the eigenvalue problem by a variational approach,
which amounts to rendering Rayleigh’s quotient stationary.
In this case, the trial functions need to satisfy reduced dif-
ferentiability conditions and the geometric boundary condi-
tions alone. Such functions are known as admissible func-
tions,” or more popularly as shape functions. It has been
demonstrated in Ref. 6 that on occasions, solutions in terms
of admissible functions converge very slowly. To improve
convergence, a new class of functions was created in Ref. 10,
namely, the class of quasi-comparison functions. The quasi-
comparison functions are linear combinations of admissible
functions capable of satisfying all the boundary conditions of
the problem. Quasi-comparison functions can be generated
by combining several families of admissible functions chosen
so as to permit the satisfaction of the natural boundary con-
ditions. It turns out that solutions in terms of quasi-compar-
ison functions tend to satisfy not only the natural boundary
conditions, but also the differential equations much more ac-
curately than solutions in terms of mere admissible functions.
In fact, solutions in terms of quasi-comparison functions can
at times be more accurate than solutions in terms of com-
parison functions, because combinations of functions from
several families with different characteristics permit better
approximations of the solution throughout the interior of the
domain than combinations of functions from a single fam-
ily.!% In Refs. 11 and 12, it was demonstrated that solutions
in terms of quasi-comparison functions exhibit the same su-
perior convergence characteristics in the case of non-self-ad-
joint systems as well. In this regard, it must be pointed out
that the system considered here falls in the general class of
non-self-adjoint systems.
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In view of the previous discussion, the trial functions in
Egs. (19c—19¢) are chosen from the class of quasi-comparison
functions. These functions must depend on both x and y and
are assumed to have the form of products of chordwise func-
tions X, (x) and spanwise functions Y, (y). The eigenvalue
problem is defined in terms of trial functions ¢, and ¢, (i, j
=1, 2, 3, , 3n 4+ 2), where n is the number of trial
functions for each of the three displacements w, ¢, and ¢,.
There are additionally two rigid-body modes, namely, ¢, =
1 and ¢, = 1. Let the same set of trial functions be used for
each of the displacements w, ¢, and ¢,.. The undetermined
coefficients, of course, are not the same. Then, fori = 3, 4,
5, ...,3n+ 2

(x.y) = X, (Y, (3), 1=f=n  (32)

where
f=1i—-2— nINT[(i — 2)/n] (32b)
Similarly, for the companion set of trial functions

¢, = ng(x)ylg()’)’ l=g=n (32¢)

in which
g=j—2— nINT[(j — 2)/n] (32d)

where INT( ) implies truncation to the corresponding integer
value.

The functions X, and Y,/;are each chosen from two different
families. The indices k, and /; determine the order of com-
bination of functions X and Y, into d)j, and hence, they
depend on f, which in turn depends on i accordmg to Eq.
(32b). Because the interest is in low AR w1ngs the depen-
dence of k; and [, on f is such that the spanwise and chordwise
functions are about equal in number or

L=f-—4%d>—d), f=1,2,3,...,(n2 (33)
L=4Qf-n—d+d), f=@2)+1,W2)+2,...,n
(33b)
kk=1-d-1, f=1,2,3,...,n (33¢)

where
d = NINTV2f, f=1,2,3,...,(®2) (34a)
d=NINTV2f —n, f=®2)+ 1,02 +2,...,n
(34b)

and NINT( ) implies rounding to the nearest integer value.
It is assumed in Eqs. (33) and (34) that # is an even integer.
Equations (33) and (34) define the selection order of spanwise
and chordwise functions for a given family of admissible func-
tions used to generate the quasi-comparison functions of Eqs.
(32). Table 1 clarifies this selection order.

The chordwise functions X, (x) are segments of a sine
function with an appropriate nimber of zero crossings. Ac-
counting for leading- and trailing-edge sweep 7, and 7, and
for the resulting variable limits on x, X, actually becomes a
function of both x and y. The first family of chordwise func-
tions are chosen as

. |37 3
e ol

« x — ytanm,
r — y(tan n, — tan ;)

]} LE =x < TE
(35)

Table 1 Function selection order

Chorfiw1se Spanwise function count /,(l,)

function count,

k(k,) 1 2 3 4 5 6 7
1 1 3 6 10 15 21 28
2 2 5 9 14 20 27

3 4 8 13 19 26 )

4 7 12 18 25

5 11 17 24

6 16 23

7 22

The spanw1se functions Y, (y) are also appropriate segments
of a sine function with an approprlate number of zero cross-
ings, or

el - LHw
nu>=§mnfé3;—w, 0=y=s (36)

The second family of functions X, consists of terms from a
power series, except that the functions alternate direction
between the leading and trailing edge. The sweep of the lead-
ing- and trailing-edges 7, and 7, requires shifting and scaling
as before, resulting in

X (e, y) = ({1 + (=] = (=D)%

+ [1 + (—D¥](tan n, — tan n,)y}2[r + (tan 7,
— tan 7, )y LE = x = TE (37

where INT( ) implies truncation to the corresponding integer
value. Equation (37) appears complicated, but it merely rep-
resents a power series shifted and scaled, and alternating in
direction so as to accommodate the swept boundaries. The
second family of spanwise functions is simply

Y, (y) = (a2, 0=y =s (38)

The algebraic eigenvalue problem is assembled for fand g
from 1 to n. The entries of the matrices M, K, K, and H are
given by Eqs. (21), (23), (25), and (26), respectively. The
complete set of two-dimensional quasi-comparison functions
is expressed in terms of f through /, and &, as follows:

d>f-=§sinay, f=34. 0 B k=1 (3%)
Xy . n+2
d)fzgsmay, f=3,4,..., > , k;=12 (39b)
_Y .. . b+ cx + dy
qbf—ssm ay sin 4_r+ey
n+2
f=34 ; 7 k=3 (39¢)
N
y n+4
d)_,:(;), f= IR ke =1 (40a)
o =(2) et k =2 (40D)
f_r s N = 2 ,...7n, T
1 X+ yp
= a1 -
% [g ®+Qr+w]
f: 2 so..on, k=3 (40c)
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where
3rmw
b = T (41a)
e = tan ny — tan n, (41b)
p = —tanm, (41c)
@ = D
= 5 (41d)
c=7 <kf - %) (41e)
3 3
d=m I:Ze + <k}- - E) p] (41f)
=) (419)
s
N ; > (41h)
0~ (-1 (410
ko + 1 i
s = INT > (41j)

Similar series can be written for ¢, by replacing f by g and i
by j. The simpler forms for ¢, when k; = 1, 2 are due to the
simple form of the rigid chordwise shape functions corre-
sponding to the first two terms in X, (x), as mentioned previ-
ously. An example of the series ¢,(x, y) for n = 6 should
prove helpful. The six terms consist of three terms from each
of the two families, or

=X an
¢, = P sin o y (42a)
W
&, = P sin 2Sy (42b)
by = 4 sin 3m y (42c)
s 2s
_(¥Y
b = () (420)
¢s = = <X> (42¢)
r\s
_ (27
b = (S) (426)

VI. Numerical Results

In presenting numerical results, it is useful to define several
dimensionless quantities. The frequency can be nondimen-
sionalized as follows:

/2
Pret
Q= wA 43

© |:Ereftx2:el:| ( )

Similarly, a speed parameter can be defined, yielding the
dimensionless dynamic pressure

A = ZqA2 __ pairl'12142
“ E [?ef - Ercftfef

ref

(44)

The quantities ( ),.; are reference values. The quantities E,
and p,, represent E, and p for the main structural material,

20-5 Qs
] [N
15
1
2] Qs
104
0
¥ \

and ¢, is the total thickness at the wing root and leading-
edge intersection. Other dimensionless parameters are the
taper ratio TR and the aspect ratio AR. Extensive vibration
and flutter results have been generated with this model. The
intent here is to develop and present the formulation, so that
the presented results are merely a summary of those obtained.

A. Convergence and Accuracy

The convergence of the free-vibration eigenvalues of an
anisotropic low AR wing, designated as AN1 in Table 2, is
considered in Fig. 3. The material properties are as in Table
3. The convergence rate of the first five nonzero eigenvalues
is depicted as the frequency parameter £ vs the number of
terms in the approximating series. The first two eigenvalues
have zero value and correspond to rigid-body modes, which
converge immediately; they are not shown in Fig. 3. It should
be pointed out here that a linear combination of admissible
functions must possess a minimum number of terms before it
qualifies as a quasi-comparison function. The number must
be such as to permit satisfaction of all natural boundary con-
ditions. As soon as this number of terms has been reached,
convergence of the computed eigenvalues to the actual ones
is relatively rapid, as can be concluded from Fig. 3.

The two flutter mechanisms of most concern are the bend-
ing-torsion mode and the body-freedom mode. The body-
freedom flutter mode occurs instead of the divergence mode
when the pitch DOF is introduced. Reasonably accurate rep-
resentations of the pitch mode and the first two flexible modes,
as well as fairly accurate representation of the third flexible
mode, are required to capture these two mechanisms. The
indications from Fig. 3 are that 20 terms are sufficient for this
purpose, certainly for establishing a trend.

Convergence of the flutter dynamic pressure parameter for
a forward-swept variant of AN1 is shown in Fig. 4. The flutter
mechanism acting is body-freedom flutter. Reasonable con-
vergence has been achieved with 20 terms.

Figure 5 shows three frequencies corresponding to an iso-
tropic plate of AR 5; the computed values are compared with
the exact values given in Table 11.4 of Ref. 13. The plate is
i-in. steel, designated as PL1 in Table 2, and is fixed on a
short side. The remaining three edges are free. The clamped
condition is simulated with the present model by taking very
large values for fuselage mass and pitch inertia. The results
are quite acceptable. As expected from the discussion of
quasicomparison functions, the approximations are poor for
small numbers of terms, but begin to converge to the actual
values quite rapidly when a certain critical number of terms
is reached.

The accuracy of the flutter analysis is checked through a
comparison with results obtained in Ref. 14 by Rossettos and
Tong, which is one of the few works available on the flutter
of a plate with free edges in the supersonic region. Their
model consists of a single layer, constant thickness, square
composite plate clamped at one edge and subjected to super-

25

AN1 Wing

Total Number of Terms

Fig. 3 Frequency parameter convergence.
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Table 2 Example wings

1121

Designation: ANI1 OR1 IS1 PL1 PL2
Layer materials 1C/4GE 1C/AGE 1C/1A/IGE 1S 1R
Tailoring layer 5 5 3 —_— e
Total wing area, in.? 40,320 40,320 40,320 4204.8 20,000
TR 0.3333 0.3333 (0.3333 1 1
AR 3 3 8 5 2
Midchord sweepback, deg 0 0 -20.0 0 0
Nonwing aircraft weight, 18,000 18,000 18,000 o %
b
Nonwing aircraft pitch in- 5.0E7 5.0E7 5.0E7 * %
ertia, Ib-in.-s?
Nonwing aircraft c.g. as 0.46 -0.35 -0.25 _— e
percent root chord
Total fuel weight, Ib 1,200 1,200 1,200 0 0
Total nonskin wing struc- 1,000 1,000 1,000 0 0
tural weight, Ib
Thickness of the first layer
LE, ROOT 3.284 2.500 5.000 0.25 0.7122
TE, ROOT 0.682 2.500 5.000 0.25 0.7122
LE, TIP 1.006 1.000 2.000 0.25 0.7122
Thickness of the second
layer
LE, ROOT 0.0595 0.0500 0.210 — —_—
TE, ROOT 0.0455 0.0500 0.210 _— —
LE, TIP 0.0405 0.0300 0.126 —_ —_—
Thickness of the third
layer
LE, ROOT 0.0475 0.0500 0.0500 P —
TE, ROOT 0.0595 0.0500 0.0500 —_— —_—
LE, TIP 0.0350 0.0300 0.0300 — —
Thickness of the fourth
layer
LE, ROOT 0.0440 0.0500 — —_ —_
TE, ROOT 0.0300 0.0500 — _— —
LE, TIP 0.0370 0.0300 —_— R —_
Thickness of the fifth
layer
LE, ROOT 0.0649 0.0600 e — —
TE, ROOT 0.0581 0.0600 —_— —_ —_
LE, TIP 0.0484 0.0360 —_— —_— —_
Layer orientation from —/=17/38 —/—45/45 —/=10 —_— 0
midchord, deg AFT —52/0/ — 0/0/ —
Table 3 Material properties 25 : P
1
Low stiffness Graphite ] ® PL1 Wing
core, Aluminum, Steel, epoxy, 20 L
“cr AT =S “GE” Frequencies
E,, lb-in.? 100 1.03E7 3.0E7 2.1E7 151 No. | Computed | Actual
E,, Ib-in.? 100 1.03E7 3.0E7 1.7E6 Q 1 0.859 0.849
Vs 0.3 0.334 0.3 0.017 16 2 4.427 4417
Vs 0.3 0.334 0.3 0.210
Gy, Ib-in? 30 3.8E6 1.15E7 6.5E5 3 5.338 5294
G,;. Ib-in.? 30 3.8E6 1.15E7 6.5E5 5
G-, lb-in.? 30 3.8E6 1.15E7 6.5E5
p, Ib-in. 3 0.00116 0.098 0.283 0.054 0
0 1‘0 3[0 4‘0 5‘0 60
20 Total Number of Terms
18] Fig. 5 Frequency parameter convergence.
1s~ AN1 Wing : A =—20, ;= —10
143 sonic flow on the upper surface. The aecrodynamics is based
12 on a variant of the piston theory that converges to Eq. (15)
Mee 10 for sufficiently high Mach numbers and with flow over both
o] surfaces. Comparison is for a square composite plate, denoted
E by PL2 in Table 2, with a fiber orientation of 24 deg. The
81 model derived here predicted on the average flutter speeds
45 6% higher than those of Ref. 14.
24
0 r - : - : - B. Free Vibration Results
0 S iQ 15 20 25 30 35 40

Total Number of Terms

Fig. 4 Convergence of the flutter dynamic pressure.

The interest in the free vibration case is mainly due to its
relation to the flutter case. The two flutter mechanisms, body-
freedom and bending-torsion, dictate that concentration is on
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the pitch mode and the first two flexible modes, although the
first few flexible modes above these will also have some in-
fluence. The convergence of the rigid-body modes, pitch and
plunge, is not an issue.

For body-freedom flutter, the most critical parameter is
geometrical. If the wing is not swept forward, or nearly so,
then this flutter mechanism is not likely to arise. Work by a
number of authors demonstrates a surprising influence of a
tailoring layer swept just a few degrees off nominal. Body-
freedom flutter can be eliminated, or pushed up to signifi-
cantly higher speeds, if a percentage of the spanwise plies are
reoriented 10-deg forward. Two factors are at work in this
case and both are free-vibration matters. When an orthotropic
layer for which E, >> E, is reoriented, bending begins to
occur in the direction normal to E,. The result is an effective
rotation of the elastic axis in the direction opposite to the
reorientation of the tailoring ply. The other factor at work is
- the necessary reduction of spanwise bending stiffness that
must accompany the reorienting of plies away from the mid-
chord. This second factor eventually overpowers the first, so
that ply reorientations are most effective when they are small.

Figure 6 shows the frequency parameter of the first flexible
mode varying with the sweep angle of a tailoring layer. The
results for three wings are shown. An interesting phenomenon
is observed in Fig. 6 for the low AR wing. This wing has its
highest bending stiffness associated with a significantly aft-
swept tailoring layer # = 10 deg. The implication is that
tailoring plies might not be as effective for low AR wings.
This trend, shown to be true in the next subsection, was not
previously discovered due to inherent limitations of the one-
dimensional models commonly used.

Much has been said about the benefits of using the anisot-
ropy of a composite layup to tailor the response of a wing.
Such discussion has been limited almost entirely to ply ori-
entation. The dominant use of one-dimensional structural
models has forced this limitation on the current investigation.
One can easily suppose that distribution of the tailoring ma-
terial in both the spanwise and chordwise directions might
significantly affect the response. These trends are readily in-
vestigated with the current plate model. As ply distribution
for the AN1 example wing is varied from full depth at the
trailing edge to full depth at the leading edge, there is a change
in frequency of the natural modes. The associated frequency
parameters increase by 8, 6, and 3%, respectively, for the
first three flexible modes. The bending-torsion separation in-
creases by 5%. For a similar spanwise variation from wingtip
concentration to wing root, frequencies again vary. In this
case, the increases are 34, 14, and 12%, respectively, for the
first three flexible modes. For bending-torsion separation, the
change is slight at 2.5%. This reflects the increase in bending
stiffness, which occurs when material is shifted near the wing
root. Clearly, the two-dimensional nature of this material
distribution has an effect on the free vibration outcome. It
seems reasonable to expect that the flutter response will also

21
1.9

IS1 Wing: AR =8, A = —20

OR1 Wing (double core) : AR = 6, A=-20

0.9 ORl Wing: AR=3, A= 30
0.7

0.5 T v v T T RS T
-40 -30 -20 -10 0 10 20 30 40
Tailoring Ply Angle w.r.t. Midchord Sweep (deg.)

Fig. 6 Frequency parameter vs ply angle.

be affected, allowing a refinement of the concept of tailoring
with composites.

C. Flutter Analysis Results

Two flutter mechanisms are of primary concern for a sym-
metric model of a wing with forward or aft sweep. The first
is the classical bending-torsion flutter that can occur for a
wing of any sweep when the frequencies of these two modes
begin to coalesce as the airspeed increases, with one root
becoming increasingly stable while the other root, after be-
coming more stable initially, tends to become unstable. The
corresponding frequencies coalesce as the instability ap-
proaches. Complete coalescence does not occur when the
fuselage is capable of rigid-body motions. The rigid-body pitch
frequency assumes a nonzero value, which rises as the speed
increases. Without a tailored layup, the pitch and bending
modes would surely combine to cause body-freedom flutter
before the bending-torsion coupling could arise. Recall that
bending-torsion flutter is unlikely at any speed for a significant
forward sweep angle. It is seen then that the same tailoring
which eliminates body-freedom flutter by apparent aft sweep-
ing of the elastic axis also makes bending-torsion flutter pos-
sible. A tradeoff is implied and caution must be exercised
when contemplating a tailored composite design solution.

Next, the characteristics of body-freedom flutter are con-
sidered. For the orthotropic (OR1) example wing of Table 2
with A = —30 deg, the flutter mode will be body-freedom
flutter, or divergence if clamped. The bending-torsion case
occurs at a much higher speed or may not occur at all for a
large forward sweep angle. The pitch mode is characteristi-
cally very lightly damped and tends to move toward instability
as the bending mode moves away from the imaginary axis.
The pitch and bending frequencies coalesce eventually with
increasing dynamic pressure rather than separating, as would
be the case for bending-torsion flutter.

Weisshaar et al.! have reported a trend in the ratio Qg../
Qundamentar fOT the two flutter mechanisms just presented. In
a particular case in Ref. 1, the ratio is equal to 0.26 for a
body-freedom flutter and to 3.40 for a bending-torsion flutter.
The ratios for comparable cases in this work are 0.42 and
2.64, respectively.

The effect of tailoring plies, particularly on divergence or
body-freedom flutter has received a great deal of attention.
Figure 7 shows the flutter dynamic pressure vs the tailoring
ply angle for two orthotropic wings and one isotropic wing.
In all three cases, body-freedom flutter is critical and small
negative ply angles are expected to be effective. There is an
implication in Fig. 6 that the low AR wing does not realize
much benefit, because its maximum bending stiffness occurs
for a somewhat more aft-swept configuration than the other
higher AR cases. This fact, demonstrated in Fig. 7, has im-
portant implications for the design of low AR wings. If the
mode] used does not account for low AR, then this phenom-
enon tends to be entirely missed.

0.7
ORIl Wing (double core) : AR = 6,[
0.6 A=-20
IS1 Wing: AR=8, A=-20

OR1 Wing: AR=3, A=-30

{1 Mechanism is body freedom
o 1 1 T 1 T U 1

-40 -30 -20 -10 0 10 20 30 40
Tailoring Ply Angle w.r.t. Midchord Sweep (deg.)

Fig. 7 Flutter dynamic pressure vs ply angle.
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Figure 7 shows the interesting and somewhat surprising
result that flutter dynamic pressure is strongly affected by
very small changes in the layer orientation in the vicinity of
0 deg. Virtually all the analytical and experimental work on
tailoring forward-swept wings to date does not consider low
AR wings.

Finally, the distribution of tailoring plies over the wing
planform is considered. The present model is ideally suited
for an investigation of parameters such as layer thicknesses,
which are free to vary parametrically in both chordwise and
spanwise directions. Such distribution investigations are likely
to result in lower structural weight or higher flutter speeds,
so that they must be included in any search for an optimal
wing design. The present model can be used to conduct such
investigations with ease. The results are impressive. In the
chordwise direction, a flutter dynamic pressure increase of
25% or decrease of 25% is observed, depending on whether
the leading or trailing edge is favored for a linear material
distribution, respectively. Similarly, in the spanwise direction,
the flutter dynamic pressure increases 29% if the wing root
is favored, but drops 35% if the plies are concentrated near
the tip. These results are for an OR1 wing of AR 6 and a
forward sweep angle of 20 deg. The tailoring layer is swept
10-deg forward of the midchord line. These new results go a
long way toward justifying this more sophisticated model.

VII. Conclusions

At the outset, the goal was to develop a structural model
representing a modern aircraft wing sufficiently well and one
that is sufficiently simple to be used in a multidisciplinary
optimization problem. This goal has been accomplished with
the development of a plate model that accounts for shear
deformation, variable layer thickness and orientation, fuse-
lage DOFs, and chordwise flexibility. Consistent with con-
clusions reached by previous investigators, certain factors such
as wing camber, unsymmetric ply stacking, and rotatory in-
ertia are sufficiently small for the problem at hand that they
can be ignored. The approach developed here should prove
valuable in preliminary as well as final analysis. For compo-
nent evaluation, such as that discussed in the Introduction,
the physical characteristics can be described sufficiently well
to base design decisions on the results of the analysis.

The algebraic eigenvalue problem was formulated directly
from the extended Hamilton principle. In deriving the alge-
braic eigenvalue problem, the use of recently developed quasi-
comparison functions was relied upon to produce a model
guaranteeing rapid convergence.

The numerical results obtained by means of the model de-
veloped here confirmed various trends established by earlier
investigators. They demonstrate that there is a very wide array
of interrelated parameters affecting the instability speed. The
clearest outcome is a demonstration of the necessity of a
formal optimization approach to bring consistency to the in-
vestigation of all the pertinent parameters.

The numerical results are limited to demonstration of the
various features of the model and to opening forays into re-
gions of investigation previously closed to simpler models.
Nevertheless, several previously unreported trends with sig-
nificant bearing on the design of modern wings were revealed.
These initial inquiries open the door to further research and
refinement of the concept of composite tailoring. The results
indicate that composite tailoring of forward-swept wings may
not be nearly as effective for low AR wings as for high AR
wings. This is an important result that virtually mandates a

structural model of at least the level of sophistication used
here to accomplish optimal design of a low AR forward-swept
wing.

A second, and also important, new finding pertaining to
two-dimensional models is that it pays to tailor ply distribu-
tions. Beyond finding the optimum angle of orientation of a
tailoring ply, if the distribution is not also subjected to op-
timization, significant improvements in the flutter speed are
forfeited. The results presented here indicate that the tailoring
plies are most effective when the distribution favors the lead-
ing edge and the wing root. This result is also unobtainable
with more conventional models and points once again to the
need of sufficient sophistication in modeling. Optimization
methods are dictated by a large number of interacting param-
eters, but such effort is wasted if features affecting the re-
sponse characteristics are not included in the analytical model.
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